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Uniqueness and Exponential Decay of Correlations for
Some Two-Dimensional Spin Lattice Systems

Miaohua Jiang' and Alexander E. Mazel* ?
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We consider a two-dimensional lattice spin system which naturally arises in
dynamical systems called coupled map lattice. The configuration space of the
spin system is a direct product of mixing subshifts of finite type. The potential
is defined on the set of all squares in Z? and decays exponentially with the linear
size of the square. Via the polymer expansion technique we prove that for
sufficiently high temperatures the limit Gibbs distribution is unique and has an
exponential decay of correlations.

KEY WORDS: Lattice spin system; shift of finite type; uniqueness of Gibbs
state; polymer expansion.

1. INTRODUCTION

The problem considered in this paper arises in the study of ergodic proper-
ties of spatially extended dynamical systems called coupled map lattices.
These models were introduced in the physical literature by Kaneko!'") as
simple examples that demonstrate spatiotemporal chaos.

Let . be a smooth manifold, f be a map of .# into itself, and L =Z“
be the integer lattice of dimension d. A popular example of coupled map
lattices can be described as follows. The phase space is the direct product
of 4 over lattice L: &), .# and the dynamics @ is a composition of two
maps: = Q) f -G, where G is a map on the phase space &), # close to
the identity map. The map G is usually called the interaction.
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798 Jiang and Mazel

This model was first studied rigorously by Bunimovich and Sinai'? in
the case when ./ is a circle, f is an expanding map, and d=1. They con-
structed a natural measure on the phase space that is invariant and mixing
under @ and the spatial translation of the lattice. The idea was to construct
Markov partitions for (&), .#, @) and then to represent the dynamics of
the couled map lattice by the two-dimensional lattice spin system of
statistical mechanics. This technique was later extended by Pesin and
Sinai’® to the situation when f possesses a hyperbolic attractor (see also
ref. 9). The symbolic representation in this case becomes &, 2,,, where
2, 1s a subshift of finite type determined by a transfer matrix M and the
following diagram is commuting:

® M2 R .u
z

z

n n

® EM—r’ & Iy
z z

where T is the spatial translation, t is the Z*-action on ® , X, induced by
two natural shifts on the lattice Z?, and 7 is a semiconjugacy defined by a
Markov partition. Thus, the existence, uniqueness, and ergodic properties
of invariant measures on ¥) , .# become problems about Gibbs states for
appropriate potentials on &), X,.

At first sight, Dobrushin’s condition of weak dependence and the
corresponding theorems'* %% ' seem to be the most natural tools for the
investigation of our model. Unfortunately, Dobrushin’s condition requires
the total smallness of the potential and is inappropriate for the case when
the configuration space is a direct product of the subshifts of finite type. In
the latest case the restriction that some pairs of spins cannot be assigned
to the neighboring lattice sites corresponds to the infinite potential.
Moreover, it is possible to construct examples showing that the Gibbs state
is not unique even for infinitely high temperature if the dimension of L is
bigger than 1.*) Some conditions of the uniqueness for the infinite poten-
tials can be found in ref. 7, but they cannot be applied to our situation.

In this paper we study the case of the one-dimensional L which
corresponds to the two-dimensional spin lattice system with the configura-
tion space &), 2. The Holder continuous potential functions on the
initial coupled map lattice naturally lead to the potential of the spin lattice
system which is defined on the set of all squares in Z> and decays exponen-
tially with the linear size of the square."'® Such two-dimensional spin
lattice models are the main subject of our study. For them we construct a
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version of the high-temperature expansion and prove that for sufficiently
large temperatures the Gibbs state of the system is unique and has an
exponential decay of correlations.

The paper is organized as follows. Section 2 contains all settings and
the formulation of the results. In Section 3 we reduce the initial model to
a more convenient equivalent model. In Section 4 we construct a polymer
expansion for the logarithm of the partition function and Section 5 com-
pletes the proof. In Section 6 we briefly discuss possible generalizations of
the result. To make the paper self-contained we collected needed results on
polymer expansion in the appendix.

2. NOTATIONS AND RESULTS

Let S={1,2,..,p} be a finite set with p elements and M be a px p
matrix with entries m; equal to either 0 or 1. We assume that there exists
a positive integer n, such that all entries of M™ are positive. For any
volume V' <= Z? a configuration in V is an element o( V) of $¥ with the value
o (V) at point x=(i, j)eV and Mg, 0, =1 for any pair x,=(j, ),
x,=(i, j+1)e V. For the family of configurations o(¥,) in mutually dis-
joint volumes V; we denote by 3", o(V;) the corresponding configuration in
U; ¥; provided such a configuration exists. When V=272 we have the
configuration space 2%, = ® , X,,, where X, is the subshift generated by
the matrix M.

Denote by Q a square from Z* of size /(Q)x/(Q) and consider a
poential U(a(Q)) defined on the set of all squares in Z? and satisfying the
condition

|U(e(0))] <exp[ —1(0)] (1)

Take a finite volume ¥ with a boundary condition ¢'(V), V=2Z*\V.
For any configuration o( V') such that (V) +¢'( V) is a configuration in Z>
a conditional Hamiltonian is

H(a(V)|a'P))

=— ) Wa(@)- Z Ua(@nV)+d'(@nP)  (2)

QsvV PNV QNnV#D

A finite-volume Gibbs distribution is defined by

— H V 1] V

(3)
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where the inverse temperature f§ >0 and

EWV|d' (V)= exp[ —pH(o(V)|d' (V)] 4)

a( V)

is a partition function in the volume ¥ with the boundary condition o'( ).
Consider an arbitrary limit Gibbs measure (Gibbs state) correspond-
ing to the Hamiltonian (2). Clearly it can be obtained as the limit of the
finite-volume Gibbs distributions x,, ,, for an appropriate sequence of
boundary conditions o’,(¥,,) and V,,— Z? in the van Hove sense. Hence
the Gibbs state is unique if for any sequence of boundary conditions
o, (V,,) the limit g =1lim,,_ . u,, .. exists and does not depend on the
sequence. We say that 4 has an exponential decay of correlations if for any
finite B,, B,<Z” and any configurations o(B,), o(B,) there exist an
absolute constant r and positive constant K= K(B,, B,) such that

lu(a(B,) + o(B,)) —u(a(B,)) u(a(B,))| < Kexp[ —r dist(B,, B,)]

Main Result. For § sufficiently small, model (1)-(4) possesses a
unique Gibbs state and this state has an exponential decay of correlations.

Remark 1. Our main result can be easily generalized to the case
when instead of a subshift of finite type one has an arbitrary one-dimen-
sional model with the spin taking a finite number of values from the set S
and exponentially decaying potential. The sketch of the corresponding
proof is given in Section 6.

Remark 2. During the proof we essentially used the fact that our
potential is real and it can be transformd into an equivalent nonnegative
potential. It should be mentioned also that our method is two-dimensional,
as we refer to the fact that lengths of boundaries of two-dimensional
volumes are proportional to their diameters. The case of arbitrary dimen-
sion is treated by another method in a recent paper.'"

3. EQUIVALENT MODELS

We show that the model (1)-(4) can be equivalently described by
means of more convenient potentials.

Lemma 1. For the potential

U'(a(Q)) = U(G(Q))+r;1(g’)< |U(a(Q))] (5)

the corresponding Gibbs measure u'y, - coincides with u ..
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Proof. As U,=max,, |U(a(Q))| <e~"?, one has

Y U<y T e 'og v z e~ < 0 (6)

onV+ xeV QOsx

where | V| denotes the number of lattice points in V. Hence
Hy.oAa(V))

={exp[ﬂ Y Ua@aV+d(@nPH+p Y UQ]}

OnVAD OnVeg

x{z eXp[ﬂ Y Ue(@Qa)+a @A)+ T UQ]}_l

a(V) OnV#Q OnV£G

={€XP [ﬁ Y Ue(@n¥)+d(Qn V))]}

QNnV+gs

x{z exp[ﬁ y U(a(QmV)+a’(le7))]}_]

) OnVAD

=y Aa(V)) (7)
which proves lemma. ||

In view of Lemma 1 we suppose without loss of generality that

U(a(Q)) 20 (8)

Let us define a beginning b(Q) of a square Q as the leftmost lower
corner of Q. Take an integer L >n, and consider a rectangle P of size
n(P) x Ln(P) such that its leftmost lower corner b(P)=(b,(P), b,(P)) has
b,(P)=rL, where r and n(P) are integers. We say that the square Q with
b(Q)=(b,(0), b5(Q)) is associated with the rectangle P if b,(Q)=b,(P),
L[ bo(Q)/L]=b,(P), {{Q)=n(P), and hence Q< P (here [ -] denotes the
integer part). For any rectangle P we define

a(P)) =) Ula(Q)) %)
o

where the sum is taken over all squares Q associated with the rectangle P.
Clearly

0< U(o(P)) < L exp[ —n(P)] (10)
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and absorbing L in f, one can assume that the potential is defined on the
rectangles P (instead of squares Q) and satisfies

0< Ula(P))<exp[ —n(P)] (11)
Set
OV={xeV|dist(x, V)=1}, 3V={xeV|dist(x, V)=1}

We call 0'V and 0FV the internal and external boundaries of V, respec-
tively. Observe that every finite volume ¥ can be uniquely partitioned into
vertical segments V,,, each segment being a connected component of the
intersection of ¥ and some vertical line. The points of 9E¥ adjacent to V,
from above and from below we denote by a(V,) and b(V,), respectively.
The collection of such elements will be denoted by a(¥) and &( V). In addi-
tion we restrict our considerations to the volumes with

L[[l( VII)/L]=a( Vn) and L[b( Vn)_*_l/l‘]—'1 =b(Vn)

As we still allow arbitrary boundary conditions, it is enough to prove the
uniqueness of the limit Gibbs state when the limit is taken only over grow-
ing to Z? volumes of the special shape described above.

4. POLYMER EXPANSION OF THE LOGARITHM OF THE
PARTITION FUNCTION

Theorem. Suppose that U(c(P)) is a poential defined on rectangles
of size n(P) x Ln(P) and satisfying (11). Then there exists an absolute con-
stant f, such that for < f, and any finite volume V of the type described
in Section 3 and arbitrary boundary condition ¢'( V), the logarithm of the
partition function Z(V | ¢’(¥)) admits an absolutely convergent polymer
expansion of the form (A.4) in the appendix. As a consequence the model
defined by potential U(g{P)) possesses, for f< f,, a unique Gibbs state
with the exponential decay of correlations.

To prove this theorem we first define contours and corresponding
polymers and then verify the condition of general Theorem A.l (see
appendix).

Evidently in (3) the numerator and the denominator can be multiplied
by any nonnegative normalizing factor without changing the value of
tv.(o(V)). To choose this factor in a proper way we partition the finite
volume V into vertical segments V, and denote the distance between a( V)
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and H(V,) by |V, =|V,|+1. The number of configurations in ¥ with
boundary condition ¢'(¥) can be calculated as

NV | d@EV) =] N(V, | 0uvys Thoryy) (12)

where N(V, |6y, Oy,) is the matrix element of M""! indexed by
Gy Owr, By the Perron—-Frobenius theorem both M and the adjoint
matrix M* have a unique maximal eigenvalue 4> 1 and the corresponding
eigenvectors e and e* with positive components e, and ¢*. We normalize
e and e* in such a way that 3 e, e¥ =1. Using the Jordan normal form
for the matrix M, one can show that

NV, | 0w, U;;(V,,))

=‘-’a;,,,,",e:;,,,,",'”y""[1 +F(V, | 04> Toirn)] (13)
where for some 0 < p(M) <1 and v(M) >0
LF(V | 0avys Tl S VM) p(M)1H) (14)
Now we define
L(V)= A~ Vil

-1

-1
E(o(35V)) = <n e> (H e) (15)
—1 -1
E*(a(3"V)) = <n e:au’,n) <H edbu',.1>

Similarly, we define E(a(8'V)) and E*(o(8'V)) by using the top and
bottom elements of V,, instead of a(V,) and b(V,). We equivalently redefine
a finite-volume Gibbs distribution as

_L(V) E(a'(3*V))

, = — "y
ty.o(a(V)) 2V (V) exp[ —fH(a(V) | a'(V))] (16)

where

BV | o'(P)) = L(V) E(o'(8%V)) Y exp[ —fH(a(V) | a'(P)] (17)

a( V)

and

Hio(V)|a(P)== Y Ua(PaV)+d(PnT)) (18)

PAVEY

822/82/34-13
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Our nearest aim is to obtain for Z(¥ | ¢'(¥)) a contour representation
of type (A.l1) in the appendix. Consider a finite family of rectangles
I'={P,} such that I'={J,; P, is a connected subset of Z°. The following
algorithm produces a minimal covering y(I') of I':

(i) Fix the leftmost lower point in I' and from all rectangles of I
which begin at this point include in y(I") the rectangle P, with the maximal
linear size n(P,;).

(ii)) Suppose that the rectangles P, ,.., P, are already selected to y(I")
during the previous steps of the algorithm and fix the leftmost lower point
xel \(U . Consider all rectangles of I' covering x. Among them
choose the rectangles with the maximal right upper corner (here maximal
means rightmost upper). From the latter family of restangles include in y(I")
the rectangle P,  which has the maximal linear size.

a1

(iii) Repeat step (ii) until I is totally covered, ie., I'={), P

Clearly the algorithm results in a unique family y(I") = {P,}} which is
called the precontour of I" and has the property that for every P, ey(I)
there exists a point x covered by P, but not belonging to other rectangles
of p(I).

Now we define a precontour y={P,} (not related to any I') as a
family of rectangles such that 7={J; P; is a connected subset of Z> and
every P; contains a point which does not belong to any other rectangle
of y.

We say that a rectangle P is compatible with precontour y = {P;} and
denote it P<y if for I'={P;} U P one has y(I'}=7y. Obviously any P<y
belongs to y and any P embedded into some P;€y is compatible with y. It
1s also clear that some of the rectangles P < j can be incompatible with .

For any rectangle P and any configuration o(P) introduce

U(B, o(P)) =exp[ fU(o(P))] — 1 (19)
Obviously
U(B, o(P)) < 2fe =" (20)
for § small enough and one has
E(V|d'(V))=L(V) E(c'(3%V))

x Y [T U+UBs(PAV)+a'(PnP))) (21)

o(V)y PPPHNV#Q
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Opening all brackets in the product, one gets
SV|d'(V) =L(V) E(d'(3*V))
x Y I [T UB o(PAV)+a'(PnV))
a(¥) {Pi}: Pin V£ P PelPi}
(22)

Regrouping terms in (22), we obtain

E(V|d'(V))=L(V) E(¢'(3%V))

xY ¥ H(H U(B, 6(P A V) +0'(PAP))

aVy {pi™~V£@ i \Pey
x [ A+ UB,a(PAV)+d'(Pn V))> (23)
Py

where the second sum is taken over all collections of precontours {y,}
having:

(i) dist(y,,7,)>1 for any y,, y,e{y.} "

(i) PnV# for any Pey,; and any y; e {y,}

Such collections are called collections of mutually external precontours
[condition (i)] having nonempty intersection with volume ¥V [condition
(ii)]. An empty collection is also counted in the partition function (23)
with all products being identically 1.

Given a precontour y with ynV# ¢ and fixed configuration
a(0'7n V), we define a precontour partition function
p P

Ey.a'7n V)| (D)
=L((\'7) " V) EXa(d'Fn V)~ E(a’(0%V n}))

x Y [T UB,o(PAV)+a'(PnT))

a((\'Fyn V) Pey

x [T A+ UB . a(PAV)+d'(PAT))) (24)

P<y

For the finite volume ¥V with fixed configuration ¢'(0%¥) on its external
boundary we set

Z(V|d'(3%V))=L(V) E(d'(3FV)) N(V'| &' (0"V)) (25)
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Then the partition function (23) becomes

2V|a'(P)

B {}’i}‘xl;V#Q auu.-alzinn V) ‘ <V\<L.) fi> “ (aEV\(L,) ﬂ))

+ %0070 V)1 & @70 1) | (7)) (26)

i

On the other hand, one can define
¥V | o'(0%V))
=L(V)E(@'(0®V)) Y, [] (1+ U, a(P)))

o(V) P.PSV

= L(V) E(a'(0%V))

X2 X H(H U(B, a(P)) [T (1+ U(B, a(P)))) (27)

o(V) {ri}™'sV i \Pey P<yi

where {y,}*< V means that Pc V for every Pey, and every y,€ {y,}
For the precontours y contributing to 3, e its partition function, ie.,
expression (24), can be simplified to

o LY
E(y, o(0 y))—E*(a(alm
x y [l UBaP) [] A+UPB o(P) (28)
a(Ad'F) Pey P<y

as there is no dependence on o'(P). So an analog of expression (26) reads

"O*V)+a (U 2'7, ))

EX(V| ¢'(3EV))

-5 E, 2R
{ri}™eV oV i
IERCN

- 3.2 z(W(us)

X H Wy, U(alfi)) E*(fi\alfi | O'(alfi)) (29)

OEV)+o (U a‘)?,->>

i
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where the statistical weight of the precontour not intersecting ¥ is defined
by

o 1;
W(y, a(d'7)) = E*(uy_(\ya,;(laay(g)ly_)) (30)
Iterating above expression (30), one obtains
EXV | o'(0EV))
= Z Z Z<V\<U 81}7:) d'(0*V)+o <U 5177,-))
{(wW}sV alUids i i
<[] Wy, 0(0'7.) (3D

where the external sum is now taken over all compatible collections of
precontours belonging to volume V. A collection {y,} is called a compatible
collection of precontours if for any two y,, y,€{y,;} either dist(7,, 7,) > 1
or 7, S7,\0'7,,. Similarly,

EV|d'(P))
e B (P 0)

{yi}t nVEGD a(UidlF) A V) i

()
+ 26070 ¥) ) [T Wi @R ¥) | () (32)

where
W(y, a0 V)| a'(P))

_ S 070 V) [#(7) 33)
E( A YNIT 6070 )+ GV A7)

is a general expression for the statistical weight of precontour which
coincides with (30) for the precontours nonintersecting V.

Represent pictorially the precontour y as 8'7 drawn in the form of
closed broken line (geometrical contour). Then the external sum in (32)
extends over all collections of nonintersecting geometrical contours
possibly with ene geometrical contour embedded into the interior of
another geometrical contour. Provided the configuration o 1s fixed in the
union of all geometrical contours, the factor Z(-|-) in (32} counts
the normalized number of configurations in the complement (to V) of the
union of all geometrical contours. As the precontour y is not only the
boundary 8'7, but the entire family of rectangles, the picture above is useful
but incomplete.
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Now we derive a convenient representation for Z(-|-). Let {T,} be a
partition of V\(|J;d'7,) into vertical segments. In view of (12), (13),

and (15)
A < V\(U 8'7,) a (aEV\(U 7,)) +Y a(d'7;n V)>
T,| O'a(r,,)’ 0'1;(7',,))

—H e* A."T"“ —H(1+F(Tn|02(7‘,)1 aZ(Tn)))

) ThiT,)

=) HF(T}IUZ(T,-),UZm») (34)

(T J

o = o <aEv\<U y>> +3 (0, V)

and the sum 3 g, is taken over all possible collections (including the

empty collection) of vertical segments from the partmon of V\(J,;0"7"). If

one substitutes the right-hand side of (34) in (32), then the resulting

expression can be written in terms of contours which are defined below.
A contour is a triple 2 =({y.}, {1;}, o) such that:

where

(a) {7} nV#F is a compatible collection of precontours.

(b) {r}=sV\(U;0'7)isa collectlon of mutually disjoint finite verti-
cal segments with a(t;), b(t,) e U, (3", V)L I*V.

(c) o is configuration in |J; (6‘)7,-r\ V).

(d) Either {y,} is nonempty and for every t; at least one of its ends
[a(t;) or b(z))] belongs to {J,; (8'7;n V or {y;} is empty and
{z;} consists of a single segment t with a(7), b(t) e 9V.

(e) For every pair y,. and y,. there exists a sequence

Yir )’,., Jie 7))1, Js? y:,“ Vi

such that for any 1 <k <s either a(t;) €0'j, and b(t,)ed'y,
or b(r,)ed'y, and a(t; JedT, ..

The definition above is clearly ¥ dependent. In the special case V'=Z> we
obtain so-called free contours.

It is useful to represent pictorially a contour as a family of pairwise
nonintersecting geometrical contours joined in the connected structure by
means of some number of vertical segments. Some of the geometrical
contours can be embedded into other geometrical contours and some of the
segments can join the whole structure with 9EV.
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Given a contour =({y;}, {7;}, o), we define Q"=U);7;, ' =U); 7.,
Q=0 vQ, @=07u(),dF), and

W@ | (7)) =TT Wir, 0@7:0 V) | ' (P) TTF(5, | 0y ) (35)

where ¢” = a({J; (0'7; A V)) + ¢'(8EV\(U; 7;)). This leads to the representa-
tions

EVIaM= Y JIweRlsP) (36)
(ynvag |
and
EHV @ V)= Y I W | (") (37)
{Qitev |

The sums in (36) and (37) extend over compatible collections of contours
having nonempty intersection with ¥ and belonging to V, respectively. A
contour  belongs to the volume V if the corresponding precontours y; < V
and Q< V. A contour 2 has nonempty intersection with volume V if
{7;} " V+# & and Q< V. A collection {Q,} is compatible if for any Q, and
Q,, one has 2, 3, = and the total collection {y,(R,), y:(2,)} is a
compatible collection of precontours For free contours we use the notation
W(R,) instead of W(R,| a'(V)), as in this case the right-hand side of (35)
does not depend on V=22

By construction (the shape of P and V) ||7;|| =#(z;) L with n(t;) being
a positive integer. Choosing L large enough, one can make & = w(M) p(M)~
arbitrarily small and we treat J as the second small parameter of our
calculations (the first one is f).

Lemma 2. The statistical weight of contour Q=({y}, {t;},0)
satisfies

I_Ij 6'1(1-}) ]._Ii ]._IPE)'» 2ﬂ€—””’)+ﬂ'ﬂ"(m
E(a((U;0'F) 0 V) EX(a((J;0'F) 0 V)

Proof. Clearly [T, (M) p(M)"" <T];6"% is the upper bound for
the absolute value of the product []; in (35). To calculate another product
I'l; in (35) we use expression (33) for every factor in this product. Given
y; the ratio in the right-hand side of (33) can be estimated as follows. In
view of the definition (24) of a precontour partition function and the
exponential decay condition (11) on the potential, the numerator of this
ratio does not exceed

|W(R,] (M) < (38)
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L((7\0'7,) " V) EX(a('7:n V) ™! E(6"(3%V N 7))

«(TT (2pe=m)

Pey

x Y [l Q+UBaPAVI+a(PAP))  (39)

S(FNG'F) A V) P<y;

while in view of the first equality in expression (27) the denominator is
equal to

L((FN\O'7) N V) E(a(8'7,n V) +0'(0%V N 7))
x ) [[ A+ UB a(P))) (40)

c((FNIF) A V)Y PEGFNS AV

Together with the estimate

[T (Q+UB a(PAV)+d'(PATP)))

P <yi
PREEV+ Y
=exp[ Y, Uo(PAV)+d(Pn V))}
PnS;Vy;Q

<ex| ¥ > pen)|

xedEVnyF Pax

<exp(B'2 05V N7
< [T exp[B"°n(P)] (41)

Peyi
it gives the lemma. ||

Lemma 2 allows us to verify the general condition (A.3) of
Theorem A.1 for contours Q =({y,}, {t;}, o).

Lemma 3. For f# and § small enough and

a(Q)=,—‘2—Z Z n(P)+Zn(rj) (42)
i Pey 7
one has
Y. I | 6'(P))| 9 <a(Q) (43)
2 5 2

uniformly in V and o'( 7).
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Proof. Consider a sublattice of Z* formed by the points % =(x,, Lx,)
which we call basic points (x, and x, are integers). Observe that if con-
tours  and £’ are incompatible, then there exist basic points ¥ and
¥ € Q' which either coincide or are nearest neighbors in the sublattice of

"~/ ~
basic points [dist(%, ¥} < 1]. The number of basic points in £ does not
exceed 4 3,3 pe,, n(P;)+ X, n(t)). Hence

Y IW(Q | o' (P))] e

Q FQ

VAN

Z |W(Qr | 0"( l"/))l eZu(.Q')
el $Ivedy.

~
dist( £, ") <1

(202 Z n P)+5277(T > Z IW(Q’la"(V )Ie-a(ﬁl (44)
Q

i Pe,, ¥ 30

Thus, the problem is reduced to the estimation of

Z IW(Q | 0"( I}))l ela(ﬂ)

2:830

We will actually estimate the even larger expression

Z |W(Q | O',( Vv))‘ eZu(!Zi (45)

2:Q230

The difference is that we used Q instead of @ and we will use the upper
bound of (45) in the next section.

Denote by w=({y,}, {r,;}) the collection of precontours and vertical
segments which can be completed to some contour 2 =({y,;}, {t;},0) and
set

W((U)_Han(r,)/’ H I"[ 7ﬁe—-n(P)/3 (46)

i Pey;

The notations @(Q2), @, @, a(w), etc., are self-explanatory. For § and f
small enough the sum (45) does not exceed

m:gao W(w) Q:w(%:w E(a <<LI) 6';7,) o} V>>~1 E* <a ((L') 6'7,) N V>>-l

(47)
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Since L = n, the internal sum in (47) is equal to

i Lo (U2R)0)) e (o (Y om)or))

= JI Xes,ei=1 (48)

xe(Uid'f NV oy

To estimate the first sum in (47) we provide every w such that @30
with the following treelike structure. Fix 7,30 or y; with 7,30 as the root
(vertex of the zeroth level) of the tree. If it is the segment z,, then there
exists one or two precontours connected with t; and we choose them as the
vertices of the first level of the tree. If the root is the precontour y;, then
all segments connected with 9'y; are chosen to be the vertices of the first
level of the tree. This procedure can be repeated for every vertex of the first
level, which gives vertices of the second level and so on until all precon-
tours and segments of w are selected as the vertices of the tree.

First we consider @: >0 with the corresponding tree being a zero-
level tree (i.e., it contains the root only). If @ consists of a single segment
7 and 6 < 1/64, then

Z W(w)< Z 6!1(1‘)/2<5]/3 (49)

w20 nit)y=1

The case when w consists of a single precontour y is more complicated.
Let

W(y)=[] 2Be=""" (50)

Pey;

and |y| denotes the number of rectangles in the precontour y. By induction
in |y| we prove that

Y Wy <p”? (51

y:¥a0

For |y| =1, ie, for y={P}

Y 2BemM=28 Y nPe "B (52)

y={P}: P50 n=1

if § is small enough. Suppose that for y = {P;} with |y| <m it was already
proven that

Y I 2pe e pin (53)

yiyl<m, Pey
¥20
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and consider all y={P;} with |y| <m. Then

Z H zﬂe ~n(P)/6

yilylsm, Pey
¥y20

<y I (14 % ] 2pe=n )

P30 xedEpPpudpP Yilyl<m, Pey
Fax

< z zﬂe—u(f’)/G l_[ (1 +ﬁ|/3)

P30 xedEpudlp
< Z 2ﬂe—n(l’)/6+8ﬂ'/3n(P)

P30
< Z zﬂe~(1/12)n(P)

P30

e}

=2ﬁ Z nze"“/’z’"sﬁl/’ (54)

n=1
where the last two inequalities hold for § small enough.

Now by induction in numver of levels in the tree corresponding to w
with @20 we prove that

Y, W(w)<p+6'7 (55)
w:b20
Bounds (49) and (51) verify the first step of the induction. Denote by |w|
the number of levels in @ and suppose that

Y W(w)< BV +4 (56)
w20
les| <m

Then
Y. W(w)

w @30,
lwl < m

< Z 5!1(1:)/2 1—[ <1+ Z W(COI)>

tra0 xealr)wb(r) w': i’ 3 X,

|w'| <m
+ Y ] 2Be~mP7R IT <1+ Y W(w’))

y: 20 Pey xidist{x, P} =1 @' 3 X,
* |} < m

13 1/3 — 13 1/3
S Z 611(1)/28(6 + 4 )n(t)+ Z 1—[ 2ﬂe n(P)/3e(¢5 + Ay an(P)

30 y:¥20 Pey
oz
< Z 5(5/12)n(r)+ Z W(y)
nir)y=1 730

<51/2+ﬂl/3 (57)
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This finishes the induction and provides the upper bound &'+ g'2
for (45). Substituting this bound on the right-hand side of (44) gives
lemma. |

Proof of Theorem. Applying Theorem A.l to the representation
(36), we obtain an absolutely convergent polymer expansion for
log 2V |da'(P). 1

5. UNIQUENESS OF GIBBS STATES AND EXPONENTIAL
DECAY OF CORRELATIONS

Lemma 4. The limit Gibbs distribution for the Hamiltonian (18)
does not depend on boundary conditions.

Proof. First we recall that for a given sequence of configurations
o.,(Z?) the corresponding limit Gibbs distribution is the measure on = z

with the marginal distributions

Higmlo(4))= lim 3 uy, . (a(4)+6(V,\4)) (58)

MO S V\A)

where 4 = Z? is finite, a(A) is a configuration in 4 (local observable), and
V,, is a sequence of volumes growing to ZZ in the van Hove sense. By the
consistency of the Gibbs distribution we may assume that 4 is a rectangle
of size [(A)x LI{A).

It is not hard to see now that for V=V, and ¢' =g/, the sum on the
right-hand side of (58) is equal to

] E(V\A | 6'(V)+0(A4))

L(A4)
))e"p[ﬂ L UeP) | =)

E*(0(0'4 =

=exp{ﬂ Y. Ua(P))+ Y W |o(A)+d (V)

Pc4 mrn \A # &
- Y W= a'(V))J (59)
manVzQg

where for 7 =[Q2%] we denote 7=}, 2,.
Note that Wi(n|o(d)+d'(V)=W(x|d'(P)) if dist(%, 4)>1,
W(n | a(A)+0' (V)= W(n|a(A4)) if dist(z, V)>1, and W(n|d'(P))=

W(n) if dist(#, V) > 1. Thus we have
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Y Wrle)+d(P)- Y Wx|d(P)

manV\d £ mrnV#Q
= Wir|a4)- 3 W)
m:disi(f, A) < | ndisi(A. 4) <]
dist{#,4)=0
+ Y Walad+d(P)- Y Waxld(V)
a dist(7, 4) < 1 mdist(, 4) < 1
dist(z, ) =1 dist(z, ) =1
- 2 Wrla(d)+ ) W(=n)
mdist{n, A) <1 n:dist(T, A) <)
dist(z, V) =1 dist(7. V) =1

When ¥ — Z? each of the last four sums in the above expression is less than
5|A4] exp[ — dist(4, V)] (60)

uniformly in ¢’(¥). In fact, according to Lemma 3,
w(R2) = W(Q) eV (61)

satisfies condition (A.3) of Theorem A.1. So for the corresponding w(£2)
statistical weights of polymers w(z) one has the estimate (A.6). Now

DI ACIIEDY > X W@

mdist(A, A¥< 1 x:dist(x.A)<1 :max nn38,
dist(, P) =1 dis(#. Py =1

<exp[ — dist(4, V)] y > oY wn)

odisttx,A)g1 23y maaQ

<exp[ — dist(4, V)] Y Y w(Q2) e

xodist(x.A) <1 2:Qax
<exp[ — &dist(4, V)1 Y (B +4')
xidist{x. A) <}

<5 |4| exp[ — &dist(4, V)] (62)

where we used (A.6). The estimation of the remaining sums over W(x|.)
can be performed in the same way. This gives

#{a:,,}(U(A))
_ L(A)
"~ E*(g(0'4))

xexp|f T UoP)+ T Wialoa)- T W)
Pc A nd?slls(lsiﬂ,ﬁ/)‘LSO‘ mdist{A,4)< 1

(63)
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where the second sum is taken over polymers of Z?\4 and the third sum
is taken over free polymers of Z> This measure is obviously independent
of the boundary conditions {c},}. §

Lemma 5. Let u(.) denotes the unique Gibbs state from Lemma 4.
Then for any finite 4, B< Z? with
min(|A4|, |B]) exp[ —(1/12) dist(4, B)] < 1/4

and any configurations o(A4) and o(B)

|pe(a(A4) + o(B)) —u(a(A4)) u(a(B))|
< 10u(o(A)) u(o(B)) min(| 4|, | B]) e ~!1/12)dist(4.8) (64)

Proof. We may again assume that both 4 and B are appropriate rec-
tangles. The proof is similar to the proof of the previous lemma and it can
be derived from the following representation of the difference on the left-
hand side of (64):

#(G(A))#(U(B)){CXP[ ) W(n | o(4)+a(B))

n:dist(R. AuB)<1
N
dist(Z. A UB)=0
— Y wmny— Y Win|aoAN+ Y W(n)

z:disz,. AUB)< 1 a:disy(#, 4) < 1 mdist{f. Ay < 1
dist(7. 4)=0

- Z W(n | o(B))+ Z W(n)] — l}

nd?;f(lifﬁé)BLT)I mdist(A.B)< |
=u(o(A)) u(a(B)) {exp [ - Z Wir | o(A)+ o(B))
mdist(a, 4) <1
dist(#,8< 1
+ 3 W(n)] _ 1} (65)
ndist(A, A)< |
dist(Zz,B) <1

which gives (64) for min(|A|, |B|) exp[ — idist(4, B)] <1. ||

6. GENERALIZATIONS

From the point of view of one-dimensional statistical mechanics a
subshift of finite type is a one-dimensional model given by the nearest
neighbor potential taking values 0 and — oo. The corresponding transfer
matrix M has only 0 and | entries and the number of configurations
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N(V, | Gy, Osv,) is nothing but the partition function in the volume v,
with the boundary conditions o, , and g} ,,.

Clearly the representation (13) for the partition function and the
estimate (14) are still true for any one-dimensional model on the configura-
tion space S* with nonnegative transfer-matrix having positive power. This
extends our results to the case when on the RHS of (2) one has an
additional term

- Y Ule(InV)+a(InTV)) (66)

InV£@ \I=2

where I denotes a vertical segment and U(a()) e R U {0}.
The extension to the case of arbitrary finite-range vertical potential is
also standard. Suppose that instead of (66) we have

- Y Ue(InV)+a'(InT)) (67)

InV#I |Il<m

where m > 2. Partition the lattice Z> into vertical segments of length 2m
such that the beginning of every segment (i.e., its lower site) belongs to the
sublattice Z> = Z x 2mZ. Now we pass from the spin space S and lattice Z>
to the spin space S=S52" and lattice Z2 Namely, for vertical segments
I=LLul, of Z® with |I| =2, |I;| =1, || =1 (|-] in units of Z?) we set

U=z Y UeD)+ > Ula(1)) (68)

Ich.ich Inh#F Inh=g

and for squares O of Z* (which are rectangles of Z2) we set

Ua(@)n= )  Ua(Q) (69)

O:5(Q)~ b(0)

where by ~ we refer to the natural relation between initial and “bared”
objects that was discribed in Section 3. By definition, U(a(])) is not 0 only
for |I| =2 and clearly U(G(0)) < 2m exp[ —n(Q)], which reduces this case
to the previous one by absorbing 2m in S.

The situation is slightly more involved for the cse of infinite-range
exponentially dgcaying vertical potential. In that case an additional vertical
term is

- Y UelInV)+daInV)) (70)

INnV#QY

with no restrictions on |I| and |U(a(I))| € Cexp(—a |I]), where C>0 and
a>0. Now we cut the infinite-range potential at some range m, the value
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of which will be chosen later, and transform the resulting finite-range
potential into a nearest neighbor one as in the previous paragraph. It is a
well-known fact that the resulting v and p in (13) can be chosen inde-
pendent of m (for a short proof see, e.g., Appendix in ref. 1). During the
transformation of the model we also arrange the tail of the infinite-range
vertical potential into a square potential U'(5{Q)) in the following way:

UEon= 3 U(s(1)) (71)
Ll I¢ed
vQo'<cQ
Clearly
|T'(S(QN| <mCn(Q) exp[ —(m—1) an(0)] (72)

It 1s not hard to see that the results of previous sections remains true
if (1) is replaced by

|Ua(Q))| <exp[ —al(Q)], O<a<l (73)

The affected estimates are (6), (20), (41), (52), and (54) and the corre-
sponding modifications are straightforward. Given v, p, and a, we take now
L and then f, such that for < 8, and (73) instead of (1) the Main Result
is true. Choosing m so large and then £ so small that

B
2

Bo

mCn(Q) expl —(m—1) an(@)] <Lexp[ ~an(D)],  2mp<2

we obtain
1BUSO)) + U (S(O)] < Boexp[ —an(Q)]

which extends the Main Result to the case of the infinite-range vertical
potential.

APPENDIX. POLYMER EXPANSION THEOREM

Consider a finite or countable set @ the elements of which are called
(abstract) contours and denoted 8, &, etc. Fix some reflexive and symmetric
relation on @ x @. A pair 6, 8 € ® x @ is called incompatible (& + 8') if it
belongs to a given relation and this pair is called compatible (8 ~ ') in the
opposite case. A collection {8,} is called a compatible collection of contours
if any two of its elements are compatible. Every contour 8 is assigned a
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(generally speaking) complex-valued statistical weight denoted by w(8),
and for any finite 4 = @ an (abstract) partition function is defined as

zZ= 5 TIwme) (A1)

{6} j

where the sum is extended to all compatible collections of contours 8, € A.
The empty collection is compatible by definition, and it is included in Z(A4)
with statistical weight 1.

A polymer 1 =[0%] is an (unordered) finite collection of different con-
tours 8, & taken with positive integer multiplicities «;, such that for every
pair @, 6" en there exists a sequence §' =0,, 0,,.,0,=0"en with
6, »0,,,Jj=12..,s5s—1 The notation 7 =4 means that 6,€ A for every
O,emn

With every polymer n we associate an {abstract) graph I(z) which
consists of 3; «; vertices labeled by the contours from # and edges joining
every two vertices labeled by incompatible contours. It follows from the
definition of I'(m) that it is connected and we denote by r(x) the quantity

rm)=[T)™" ¥ (=D (A2)

Iag-—Fati]

where the sum is taken over all connected subgraphs I"' of I'(n) containing
all of ", a; vertices and |I"'| denotes the number of edges in I"". For any
e n we denote by «(6, ) the multiplicity of & in the polymer =

The following polymer expansion theorem is a modification of results
of refs. 16 and 12 proven in ref. 14 (see also ref. 5 for close results).

Theorem A.1. Suppose that there exists a function a(f): @ —R™*
such that for any contour 6

Y W) e <a(8) (A3)
9.8 » 8
Then, for any finite A,
log Z(A)= Y w(n) (A4)
neA

where the statistical weight of a polymer = = [6%] is equal to

w(t)=r(m) ]__[W(Hf)“’ (A.5)

822/82/3-4-14
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Moreover, the series (A.4) for log Z(A) is absolutely convergent in view of
the estimate

Y. b, 7) [w(m)| < |w(8)] e (A.6)

mrsl
which holds true for any contour 6.

Corollary A.2. For any polymer n=[6%]

|r(m)] < min ((6, )~ w(8)] e ) [T Iw(8,)] ~= (A7)

Proof. Denote by * the contour from 7 such that

o 0%, 1)~ [w(0*)] e = min(a(8;, 7) ~Hw(8,)] e (A8)

According to (A.6),

a0 7y w(m)| < Y, al8* ') w(n)| < |w(6%)] e (A9)

i O
and (A.7) follows now from definition (A.5). ||

Corollary A.3. For any function b(f): ® —R™* consider modified
statistical weights of contours w(#) such that

[W(8)] = |w(8)] e~ (A.10)

Then for the corresponding statistical weights of polymers w(x) one has the
bound

(0] <min(a(0,, )~ (0] ) exp| = Tab0)]  (A11)
Proof. Substituting (A.7) into the definition of W(x), one immediately
gets (A.11).

Suppose that, given a compatibility relation for contours, one can find
the maximal statistical weight w() satisfying (A.3) with some a(f). Then
Corollary A.3 says that for the statistical weights w(8) of contours that are
smaller in absolute value, the corresponding statistical weights of polymers
decay exponentially.
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